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ABSTRACT
Tidal dissipation due to convective turbulent viscosity shapes the evolution of a variety
of astrophysical binaries. For example, this type of dissipation determines the rate of
orbital circularization in a binary with a post-main sequence star that is evolving
toward a common envelope phase. Viscous dissipation can also influence binaries with
solar-type stars, or stars with a close-in giant planet. In general, the effective viscosity
in a convective stellar envelope depends on the tidal forcing frequency ωtide; when ωtide
is larger than the turnover frequency of convective eddies, the viscosity is reduced.
Previous work has focused on binaries in nearly circular orbits. However, for eccentric
orbits, the tidal potential has many forcing frequencies. In this paper, we develop
a formalism for computing tidal dissipation that captures the effect of frequency-
dependent turbulent viscosity and is valid for arbitrary binary eccentricities. We also
present an alternative simpler formulation that is suitable for very high eccentricities.
We apply our formalisms to a red giant branch (RGB) star model and a solar-type
star model. We find that a range of pseudosynchronous rotation rates are possible for
both stellar models, and the pseudosynchronous rate can differ from the prediction
of the commonly-used weak tidal friction theory by up to a factor of a few. We also
find that tidal decay and circularization due to turbulent viscosity can be a few orders
of magnitude faster than predicted by weak tidal friction in RGB stars on eccentric,
small pericentre orbits, but is suppressed by a few orders of magnitude in solar-type
stars due to viscosity reduction.
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1 INTRODUCTION
Tidal dissipation shapes a variety of astrophysical binaries,
causing spin synchronization of the two bodies as well as or-
bital decay and circularization. For example, the evolution of
a stellar binary toward a common envelope episode (CEE) is
affected by tides. A CEE occurs when a binary system shares
a gaseous envelope. The embedded system experiences drag
forces that tighten the binary orbit (e.g. Paczynski 1976;
van den Heuvel 1976). Many astronomical transients are be-
lieved to originate from systems that have experienced a
CEE (Belczynski et al. 2002a; Dominik et al. 2012; Belczyn-
ski et al. 2018). Some transients may be directly associated
with a CEE, e.g., recent work has suggested that luminous
red novae may be caused by the ejection of a common en-
velope (Ivanova et al. 2013; MacLeod et al. 2017; Blagorod-
nova et al. 2017). A CEE can also account for the forma-
tion of compact double neutron star or black hole binaries,
whose ultimate coalescence is detectable with LIGO/Virgo
(e.g. Bhattacharya & van den Heuvel 1991; Belczynski et al.
2002b; Tauris & van den Heuvel 2006; Dominik et al. 2012;
Vigna-Go´mez et al. 2018). In many cases, the onset and
outcome of a CEE may depend on the orbital configuration
of the binary when one component, a compact star, makes
contact with the expanded convective envelope of the other
component, a giant star. Because the pre-CEE binary can
have a rather eccentric orbit, the strength of tidal dissipa-
tion in the convective envelope compared with the timescale
for radius expansion of the giant star determines the orbit
of the binary at the start of a CEE.
Tidal dissipation in a convective envelope can be also
be important in binaries containing solar-type stars. Pre-
vious works have studied and compared different dissipa-
tion mechanisms within these stars. In the convective en-
velope, fundamental and inertial oscillation modes dissipate
due to turbulent viscosity, while radiative diffusion operates
in the stellar interior (e.g. Zahn 1977; Goodman & Oh 1997;
Goodman & Dickson 1998; Savonije & Witte 2002; Ogilvie
& Lin 2007). In some cases, internal gravity waves excited
at the radiative-convective boundary grow in amplitude as
they travel toward the center until non-linear wave-breaking
dissipates the energy and angular momentum in the wave
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(Goodman & Dickson 1998; Barker & Ogilvie 2010, 2011;
Chernov et al. 2013; Ivanov et al. 2013; Bolmont & Mathis
2016; Weinberg et al. 2017; Sun et al. 2018). This effect can
drive rapid orbital decay. However, when the internal grav-
ity waves do not achieve nonlinearity, turbulent viscosity in
the convective envelope is often the dominant mechanism of
tidal dissipation.
A large body of work has studied the dissipation of equi-
librium tides in the convective envelope of a star. An ana-
lytical treatment was first developed by Zahn (1977), using
an eddy viscosity ν0 ∼ vH l/3, where l ∼ H is the length-
scale of the largest convective eddies and vH ∼ (F/ρ)1/3 is
the convective velocity on scale H (H is the pressure scale
height, F the convective flux, and ρ the density). However,
when the timescale of tidal forcing is shorter than the eddy
turnover time, τeddy = H/vH , convective eddies cannot effi-
ciently transport energy and momentum. Zahn (1989) pro-
posed that, in this case, the viscosity should be reduced by
a linear factor of (ωτeddy)
−1, where ω is the tidal forcing fre-
quency. In contrast, Goldreich & Nicholson (1977) suggested
that the viscosity reduction should scale with (ωτeddy)
−2.
Recently, numerical and analytical studies have supported
a quadratic reduction factor (Penev & Sasselov 2011; Penev
et al. 2011; Ogilvie & Lesur 2012; Duguid et al. 2019). A
few have even discovered negative viscosities at high forcing
frequencies (Ogilvie & Lesur 2012; Duguid et al. 2019).
While many previous studies have explored the effect of
convective viscous dissipation on binaries in circular orbits,
none have considered the effect of frequency dependent vis-
cosity reduction for highly eccentric binaries. A star on an
eccentric orbit experiences multiple tidal forcing frequencies;
the more eccentric the orbit, the wider the tidal frequency
spectrum becomes. In this case, it is unclear how viscosity
reduction affects orbital decay and circularization and the
stellar spin evolution.
In this paper, we study the effects of tidal dissipation
due to convective turbulent viscosity in an eccentric binary.
We consider both red giant branch (RGB) stars and solar-
type stars, although our method can be applied to other
types of stars with convective envelopes. In Section 2, we
develop a general formalism for tidal evolution in an ec-
centric binary, accounting for frequency dependent damping
of tidally excited oscillations. We relate this formalism to
the standard weak friction treatment of the equilibrium tide
(Darwin 1880; Alexander 1973; Hut 1981). In Section 3 we
introduce two stellar models (a RGB model and a solar-
type model) and discuss the effects of frequency dependent
viscosity reduction in both. In Section 4 we present results
for the tidal energy and angular momentum transfer rates
for both stellar models as a function of the binary orbital
parameters. In Section 5 we discuss an alternative (and sim-
pler) calculation of the transfer rates in the case of highly
eccentric (& 0.8) binaries before concluding in Section 6.
2 TIDES AND DISSIPATION IN ECCENTRIC
BINARIES: GENERAL FORMALISM
Consider a primary star with mass M1 and radius R1 in
an orbit with semi-major axis a and eccentricity e about a
secondary star, M2. We study tidal dissipation in the con-
vective envelope of the primary, neglecting the tide in the
secondary.
In an inertial frame, the quadrupolar (l = 2) tidal po-
tential produced by M2 is
U(r, t) = −GM2
∑
m
W2mr
2
D3
e−imΦ(t)Y2m(θ, φi), (1)
where r = (r, θ, φi = φ + Ωst) is the position vector in
spherical coordinates relative to the center of mass of of the
primary star, and the angle φ is measured in the rotating
frame of M1, which rotates with frequency Ωs. Throughout
this paper, we assume that the spin axis of the star is aligned
with the orbital angular momentum axis (see, e.g., Lai & Wu
2006, for the gravitational potential of M2 if the spin axis
and orbital axis are misaligned.) The time-varying binary
separation is D(t), and Φ(t) is the orbital true anomaly.
Only the m = 0,±2 terms are nonzero, with W20 =
√
pi/5
and W2±2 =
√
3pi/10. The potential can be decomposed
into terms with frequencies that are integer multiples of the
orbital frequency, Ω = [G(M1 +M2)a
−3]1/2. In the rotating
frame of the primary, we have
U(r, t) = −
∑
m
∞∑
N=−∞
UNmr
2Y2m(θ, φ)e
−iωNmt, (2)
where
UNm ≡ GM2
a3
W2mFNm, (3)
ωNm ≡ NΩ−mΩs, (4)
with FNm defined by the expansion( a
D
)3
e−imΦ(t) =
∞∑
N=−∞
FNme
−iNΩt, (5)
and given by
FNm =
1
pi
∫ pi
0
dΨ
cos[N(Ψ− e sin Ψ)−mΦ(t)]
(1− e cos Ψ)2 . (6)
The linear response of M1 is specified by the Lagrangian
displacement vector, ξ(r, t), which satisfies the equation of
motion
∂2ξ
∂t2
+ 2Ωs × ∂ξ
∂t
+C · ξ = −∇U, (7)
in the rotating frame of the primary, whereC is a self-adjoint
operator that contains the restoring forces acting on the per-
turbation. We can decompose the Lagrangian displacement
into a sum of eigenmodes ξα(r) of frequency ωα (where α
specifies the mode indices, which include the degree, l, and
azimuthal index, m) such that (Schenk et al. 2002; Lai &
Wu 2006)[
ξ
∂ξ/∂t
]
=
∑
α
cα(t)
[
ξα(r)
−iωαξα(r)
]
, (8)
where ωα is the mode frequency in the rotating frame. Note
that the above decomposition includes both positive and
negative mode frequencies. We adopt the convention that
the eigenmode oscillation has the form ξ(r, t) ∝ eimφ−iωαt
such that positive ωα/m corresponds to a prograde mode.
We use the normalization
〈ξα, ξα〉 ≡
∫
d3xρξ∗α · ξα = M1R21, (9)
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where ρ is the stellar density profile. With this phase
space expansion, the modes satisfy the orthogonality rela-
tion 〈ξα, 2iΩs × ξβ〉+ (ωα + ωβ)〈ξα, ξβ〉 = 0 for α 6= β. We
define
cα(t) =
∞∑
N=−∞
cαN (t), (10)
and find (Lai & Wu 2006; Fuller & Lai 2012)
c˙αN + [iωα + Γα(ωNm)] cαN = i
UNmQα
2α
e−iωNmt, (11)
where we have used
Qα = 〈ξα,∇(r2Ylm)〉, (12)
α = ωα + 〈ξα, iΩs × ξα〉. (13)
To the first order in the stellar rotation rate, α is the
eigenfrequency of a mode in the absence of rotation, pro-
vided Ωs  |ωα|. The damping rate of the forced oscilla-
tion of mode α at the forcing frequency ωNm is denoted by
Γα(ωNm). The solution to equation (11) is
cαN (t) =
UNmQα
2α
e−iωNmt
[ωα − ωNm − iΓα(ωNm)] , (14)
On timescales much longer than the orbital period, the
energy dissipation rate in the rotating frame is given by the
sum over the response to multiple forcing frequencies for
oscillation modes, i.e,
E˙ =
∑
αN
E˙αN . (15)
In this paper, we consider tidal dissipation due to viscosity in
the stellar convection zone (see Section 3). For slow rotation
(Ωs  |ωα|), the oscillation eigenmode is given by
ξα(r) = ξαr(r)Ylm(θ, φ)er + ξαh(r)r∇Ylm(θ, φ), (16)
where ξαr and ξαh are the radial and horizontal components
of ξα(r). The viscous dissipation rate of mode α, oscillating
at the forcing frequency ωNm with amplitude cαN is [see
equation (5) of Sun et al. (2018)]
E˙αN =
1
2
ω2Nm|cαN |2
×
∫ R1
rconv
dr r2ρν
[
4
(
dξαr
dr
)2
+ 2l(l + 1)
(
dξαh
dr
+
ξαr
r
− ξαh
r
)2
+ 2
(
l(l + 1)
ξαh
r
− 2ξαr
r
)2]
, (17)
where rconv is the inner edge of the convective envelope, and
ν is the isotropic kinematic viscosity. Equation (17) assumes
that the flow is approximately incompressible. We define the
damping rate γα(ωNm) as a relationship between E˙αN and
the kinetic energy of the mode such that
E˙αN = 2γα(ωNm)〈ξ˙αN , ξ˙αN 〉
= 2γα(ωNm)ω
2
Nm|cαN |2M1R21, (18)
with ξαN (r, t) ≡ cαN (t)ξα(r). Thus,
γα(ωNm) ≡1
4
∫ R1
rconv
dr r2ρν
[
4
(
dξαr
dr
)2
+ 2l(l + 1)
(
dξαh
dr
+
ξαr
r
− ξαh
r
)2
+ 2
(
l(l + 1)
ξαh
r
− 2ξαr
r
)2]
. (19)
The relationship between the two damping rates,
Γα(ωNm) = ωNmγα(ωNm)/α, is discussed in the Ap-
pendix. The total energy dissipation rate in the rotating
frame is then given by the sum
E˙ =
GM22R
5
1
2a6
∑
αN
(
Qα
¯α
)2
γα(ωNm)(W2mFNm)
2ω2Nm
(ωα − ωNm)2 + Γ2α(ωNm) . (20)
In the above expression, Qα and ¯α = α(GM1/R
3
1)
−1/2
are dimensionless (i.e. they are in units where G = M1 =
R1 = 1). Note that if we restrict to modes with positive
ωα in the sum, we can combine terms with ωα,m,N and
−ω−α,−m,−N . The result is to multiply equation (20) by a
factor of 2. We can calculate the tidal torque on the primary,
T =
∑
αN TαN using the relationship
TαN =
mE˙αN
ωNm
. (21)
Then,
T =
∑
αN
TαN = T0
∑
α′N
(
Qα
¯α
)2
mγα(ωNm)(W2mFNm)
2ωNm
(ωα − ωNm)2 + Γ2α(ωNm) ,
(22)
where
T0 ≡ GM
2
2R
5
1
a6
, (23)
and
∑
α′ implies that the sum is restricted to modes with
ωα > 0. The tidal energy transfer rate from the orbit to the
primary in the inertial frame, E˙in, is related to E˙ and T via
E˙in = E˙ + ΩsT. (24)
From equations (20)-(24), we find
E˙in = T0Ω
∑
α′N
(
Qα
¯α
)2
Nγα(ωNm)(W2mFNm)
2ωNm
(ωα − ωNm)2 + Γ2α(ωNm) . (25)
Together, equations (22) and (25) govern the spin and or-
bital evolution of the binary (see Section 2.2).
2.1 The Slow-Rotation and Weak Friction Limits
In the limit Ωs  ωα, ωα ' ω−α ' α ' −α. Assuming
ωα  |ωNm| and ωα  Γα(ωNm), equations (22) and (25)
can be simplified to
T ' T0
∑
α′N
(
Qα
ω¯α
)2
mγα(ωNm)(W2mFNm)
2ωNm
ω2α
, (26)
E˙in ' T0Ω
∑
α′N
(
Qα
ω¯α
)2
Nγα(ωNm)(W2mFNm)
2ωNm
ω2α
. (27)
MNRAS 000, 1–15 (2019)
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In the weak friction approximation (Darwin 1880;
Alexander 1973; Hut 1981), the damping rate γα(ωNm) = γα
is assumed to have no frequency dependence, and we expect
equations (26) and (27) to reduce to the standard result
from, e.g. Alexander (1973); Hut (1981). To see this, we first
identify the tidal Love number and lag time. The complex
Love number associated with each forcing term (Nm) is
k˜2(ωNm) =
[δΦ(r, t)]Nm
[U(r, t)]Nm
∣∣∣∣
r=R1
, (28)
where δΦ(r, t) is the potential from the perturbed density
in the primary star. Using
[δΦ(r, t)]Nm = −
4pi
5
GM1
R1
cαN (t)QαY2m(θ, φ), (29)
we find that, for an f-mode oscillation in a slowly rotating
body, the real part of the tidal Love number is
k2 ' 4pi
5
(
Qf
ω¯f
)2
, (30)
whereQf and ω¯f = ωf(GM1/R
3
1)
−1/2 are the overlap integral
and eigenfrequency of the l = 2 f-mode for a non-rotating
body. The tidal lag time can be defined as
τ ≡ γf
ω2f
, (31)
where γf is the damping rate of the l = 2 f-mode oscillation
calculated with equation (19) assuming that the kinematic
viscosity is independent of the forcing frequency. The sum
over oscillation modes in equations (22) and (25) is restricted
to f-modes with m = −2, 0, 2. The tidal torque and energy
transfer rate can then be written as
T = 3T0k2τΩ
∑
Nm
5
12pi
m(W2mFNm)
2ωNm
Ω
, (32)
E˙in = 3T0k2τΩ
2
∑
Nm
5
12pi
N(W2mFNm)
2ωNm
Ω
. (33)
According to equations (22) and (23) of Storch & Lai (2014),
we have∑
Nm
5
12pi
m(W2mFNm)
2ωNm
Ω
=
1
(1− e2)6
×
[
f2 − (1− e2)3/2f5 Ωs
Ω
]
(34)∑
Nm
5
12pi
N(W2mFNm)
2ωNm
Ω
=
1
(1− e2)15/2
×
[
f1 − (1− e2)3/2f2 Ωs
Ω
]
, (35)
where f1, f2, and f5 are functions of eccentricity defined in
Hut (1981), given by
f1 = 1 +
31
2
e2 +
255
8
e4 +
185
16
e6 +
25
64
e8, (36)
f2 = 1 +
15
2
e2 +
45
8
e4 +
5
16
e6, (37)
f5 = 1 + 3e
2 +
3
8
e4. (38)
2.2 Orbital Evolution
We can combine the angular momentum and energy transfer
rates to obtain the orbital evolution of the binary and spin
evolution of the primary star driven by tidal dissipation. The
rate of change of the orbital angular momentum is L˙ = −T ,
and the orbital energy dissipation rate is E˙orb = −E˙in. Using
L = µΩa2(1 − e2)1/2 and Eorb = −µΩ2a2/2 (with µ the
reduced mass of the binary), we find that
a˙
a
= − 2
µΩ2a2
E˙in, (39)
Ω˙s
Ωs
=
T
I1Ωs
, (40)
e˙
e
=
1− e2
e2
1
µΩa2
[
T
(1− e2)1/2 −
E˙in
Ω
]
, (41)
where I1 = kM1R
2
1 is the moment of inertia of the primary
star.
To facilitate applications to different binary systems, we
write T and E˙in in the form
T = 3T0k2τ
Ω
(1− e2)6FT (e,Ωs/Ω, rp/R1), (42)
E˙in = 3T0k2τ
Ω2
(1− e2)15/2FE(e,Ωs/Ω, rp/R1), (43)
where k2 and τ are given by equations (30) and (31), rp is
the pericentre distance, and FT and FE are dimensionless
functions that depend on e, Ωs/Ω, rp/R, and the structure
of the star. Note that the semi-major axis evolution depends
on FE and the stellar spin on FT . We also define the quantity
Fecc(e,Ωs/Ω, rp/R1) =
1
9
(1− e2)
e2
[
FE
(1− e2) − FT
]
, (44)
which characterizes the eccentricity evolution. In the weak
friction limit,
FT = f2 − (1− e2)3/2f5 Ωs
Ω
, (45)
FE = f1 − (1− e2)3/2f2 Ωs
Ω
(46)
Fecc = f3 − (1− e2)3/2f4 11
18
Ωs
Ω
, (47)
where f3 and f4 are functions of the eccentricity defined in
Hut (1981) and given by
f3 = 1 +
15
4
e2 +
15
8
e4 +
5
64
e6 (48)
f4 = 1 +
3
2
e2 +
1
8
e4. (49)
For general binary systems (when the weak friction the-
ory breaks down), we continue to use equations (42) and (43)
to parameterize the angular momentum and energy trans-
fer rates. By comparing equations (22) and (25) to equa-
MNRAS 000, 1–15 (2019)
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tions (42) and (43), we find
FT (e,Ωs/Ω, rp/R1) =
5
12pi
(
ω¯f
Qf
)2(
ω2f
γfΩ
)
(1− e2)6
×
∑
Nm
(
Qα
¯α
)2
m(W2mFNm)
2ωNmγα(ωNm)
(ωα − ωNm)2 + Γ2α(ωNm) , (50)
FE(e,Ωs/Ω, rp/R1) =
5
12pi
(
ω¯f
Qf
)2(
ω2f
γfΩ
)
(1− e2)15/2
×
∑
Nm
(
Qα
¯α
)2
N(W2mFNm)
2ωNmγα(ωNm)
(ωα − ωNm)2 + Γ2α(ωNm) , (51)
Fecc(e,Ωs/Ω, rp/R1) =
5
108pi
(
ω¯f
Qf
)2(
ω2f
γfΩ
)
(1− e2)15/2
e2
×
∑
Nm
[(
N − m√
1− e2
)(
Qα
¯α
)2
× (W2mFNm)
2ωNmγα(ωNm)
(ωα − ωNm)2 + Γ2α(ωNm)
]
. (52)
We can now write the the orbital and spin evolution rates
as
a˙
a
= − 6
td(1− e2)15/2FE(e,Ωs/Ω, rp/R1), (53)
Ω˙s
Ωs
=
3
td(1− e2)6
(
µa2Ω
I1Ωs
)
FT (e,Ωs/Ω, rp/R1), (54)
e˙
e
= − 27
td(1− e2)13/2Fecc(e,Ωs/Ω, rp/R1), (55)
where
t−1d ≡
T0
µa2
k2τ =
(
M2
M1
)(
M1 +M2
M1
)(
R1
a
)8
k2
γf
ω¯2f
. (56)
3 VISCOUS DISSIPATION IN CONVECTIVE
ENVELOPES AND STELLAR MODELS
The damping rate of a forced oscillation mode depends on
the convective viscosity. The standard viscosity prescription
is independent of the forcing frequency and given by
ν0 =
1
3
HvH , (57)
where H is the pressure scale height, and vH ∼ (F/ρ)1/3 is
the convective velocity with F the convective flux. In Fig. 1,
we show the viscosity and eddy turnover time τeddy = H/vH
for two MESA-generated stellar models (Paxton et al. 2011),
a 10M red giant branch (RGB) star and a solar-type star.
When the eddy turnover time exceeds the tidal forcing
period, ∼ |ωNm|−1, convective eddies cannot transport mo-
mentum efficiently, and the turbulent viscosity is expected
to be reduced. The correct prescription for viscosity reduc-
tion has been widely discussed in the literature (see Ogilvie
2014, for a review). We adopt a quadratic reduction, first
suggested by Goldreich & Nicholson (1989) and confirmed
in many recent studies [see e.g. Duguid et al. (2019)],
ν =
1
3
HvH [1 + (ωNmτeddy)
2]−1. (58)
Zahn (1977), Phinney (1992) and Verbunt & Phinney
(1995) provided a simple estimate of the eccentricity cir-
cularization rate for nearly circular binary stars with con-
vective envelopes based on the “unsuppressed” viscosity ν0
(equation 57). To estimate the damping rate of the tidally
forced f-mode (i.e. equilibrium tide), we assume ν0 ∼ con-
stant in the convective envelope. Then the integral in equa-
tion (19) can be approximated as
γest ∼ Menv
M1
( ν
H2
)
∼ Menv
M1
(
L
MenvR21
)1/3
, (59)
where Menv is the mass of the convective region and we
have used ν0 ∼ H(F/ρ)1/3 and 4piρH3 ∼ Menv. Using this
estimate of the equilibrium tide dissipation rate, Phinney
(1992) gave the following approximation to the eccentricity
damping rate (see Eq. 56)
e˙
e
≈ −γest
(
M2
M1
)(
M1 +M2
M1
)(
R1
a
)8
. (60)
In Fig. 2, we compare γ(ωNm) calculated with equation (19)
to γest for the MESA-generated RGB and solar-type stel-
lar models used to produce Fig. 1. We find that γ(ωNm =
0) ∼ γest. In stellar units, γest = 0.024(GM1/R31)1/2 for
the RGB model and γest = 9.5× 10−6(GM1/R31)1/2 for the
solar-type model, corresponding to γest = 0.20 yr
−1 and
γest = 0.22 yr
−1 respectively. The eddy turnover time is
generally larger in the solar-type model, so it is easier for
the tidal forcing period to be comparable to τeddy in the
depths of the convective envelope. In consequence, viscosity
reduction can have a very large effect on γ(ωNm) for the
solar model, depending on ωNm, and is less important for
the RGB model.
4 SAMPLE RESULTS
We have calculated FT (e,Ωs/Ω, rp/R1) and
FE(e,Ωs/Ω, rp/R1) (defined in equations 42 and 43,
see also equations 50-52) for the two stellar models intro-
duced in Section 3. These dimensionless angular momentum
and energy transfer rates control the synchronization rate
of the primary star and the orbital evolution of the binary
(see equations 53 - 55).
Typically, the timescale for the primary star to reach an
equilibrium spin rate, or pseudosynchronous rate, is shorter
than the timescale for orbital decay and circularization. This
is clear from equations (53) - (55), where the spin evolution
rate is faster than the orbital decay rate by a factor of order
∼ µa2Ω/IΩs. For an eccentric orbit, the primary star can
spin-up to pseudosynchronous rotation very quickly, and it is
safe to assume that the star is rotating pseudosynchronously
throughout orbital decay and circularization.
When a star rotates pseudosynchrounously, it experi-
ences no net torque. Under the weak friction approxima-
tion, the dimensionless torque is given by equation (45), so
the pseudosynchronous rate is
Ωps =
f2
(1− e2)3/2f5 Ω =
f2
(1 + e)2f5
Ωp, (61)
where
Ωp ≡
[
(1 + e)G(M1 +M2)
r3p
]1/2
= Ω
(1 + e)1/2
(1− e)3/2 , (62)
is the orbit frequency at pericenter [rp = (1− e)a].
In realistic (MESA) stellar models, we use equation (50)
to compute FT for both the standard viscosity (equation 57)
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Figure 1. The standard (“unsuppressed”) turbulent viscosity ν0 (top panels, see equation 57) and eddy turnover time τeddy = H/vH
(bottom panels) in the convective envelopes of two MESA-generated stellar models. The left panels show a red giant branch star with
M1 = 10M and R1 = 379R, and the right panels show a solar-type star. In each panel, the left label shows ν0 and τeddy in
dimensionless “stellar” units, while the right label shows the quantities in cgs units.
and the reduced viscosity (equation 58). Figure 3 displays
the results for the RGB stellar model and Fig. 4 for the so-
lar model. Equilibrium spin (pseudosynchronous rotation)
corresponds to FT = 0. For the RGB model, the pseudosyn-
chronous value of Ωs can be nearly a factor of two larger than
the predicted Ωps from weak friction theory (equation 61).
Additionally, FT can be zero for multiple rotation rates, al-
lowing for multiple spin equilibria (though not all of these
are stable). This behavior was also noted and discussed in
Storch & Lai (2014). For the RGB stellar model, the two
viscosity prescriptions yield similar order of magnitudes for
the values of FT . This is unsurprising as the eddy timescale
τeddy is generally short throughout the convective envelope
of the RGB star, and the viscosity is never significantly re-
duced (see Fig. 2).
For the solar-type stellar model, the result of FT with
the reduced viscosity prescription is very different from
either the weak friction approximation or the calculation
that assumes standard (frequency-independent) viscosity
(see Fig. 4). In general, |FT | is 1-2 orders of magnitude
smaller for the reduced viscosity than for the standard vis-
cosity. Additionally, FT can cross zero for slower rotation
rates of nearly half of Ωps (equation 61) when the viscosity
is reduced.
The functions FE and Fecc determine the orbital de-
cay and circularization rates of the binary. Figure 5 displays
FE (left column) and Fecc (right column) as a function of
pericentre distance for the RGB stellar model given a ro-
tation rate of Ωs = 0.75Ωp, slightly below Ωps. Each row
corresponds to a different orbital eccentricity. The functions
FE(rp/R1) and Fecc(rp/R1) have strong peaks that cor-
respond to resonances between the mode frequencies, ωα,
and the forcing frequencies, ωNm. For higher eccentricities
(e & 0.8), FNm can be appreciable even for N of a few times
larger than Ωp/Ω = (1+e)
1/2/(1−e)3/2. Thus many forcing
frequencies contribute significantly to FE and Fecc and can
dominate the sum near a resonance, as seen in the bottom
row of Fig. 5. Importantly, FE and Fecc can be two orders of
magnitude larger than the weak friction results (equations 46
and 47) for small rp and high e. At larger pericentre dis-
tances, FE and Fecc agree with the weak friction results. For
the RGB stellar model, the choice of viscosity prescription
does not have a significant effect on the calculated orbital
decay and circularization rates, as expected due to the short
eddy timescale in the convective zone.
Figure 6 shows FE(rp/R1) and Fecc(rp/R1) for the RGB
stellar model, as in Fig. 5, but for a larger spin rate of
Ωs = 0.9Ωp. For some combinations of e and rp, Ωs = 0.9Ωp
exceeds the pseudosynchronous rotation rate, giving rise to
orbital expansion (FE < 0, see equation 39). As an example,
for e = 0.1 (shown in the upper left panel of Fig. 6), FE is
negative for rp/R1 & 2.5 − 3.5 (depending on the viscosity
prescription). Otherwise, there are no qualitative differences
between FE(rp/R1) and Fecc(rp/R1) for Ωs = 0.75Ωp and
Ωs = 0.9Ωp.
The dimensionless orbital decay and circularization
rates for the solar-type stellar model are shown in Fig. 7.
For standard (frequency-independent) ν, FE and Fecc can
be a few orders of magnitude larger than the weak friction
results for small rp and high e but agree with the weak
friction results at larger rp. Unlike for the RGB model, the
viscosity prescription dramatically affects the calculated FE
and Fecc, evident in all panels of Fig. 7. Convective viscosity
is inefficient in circularizing and shrinking the orbit because
the eddy turnover time in the convection envelope is orders
of magnitude longer than the pericentre passage time Ω−1p .
For a solar-type star, we expect orbital decay via convective
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Figure 2. The stellar viscous damping rate (see equation 19)
as a function of the forcing frequency ωNm for the same MESA
RGB model (top panel) and solar model (bottom panel) used
in Fig 1. The damping rates are scaled to γest (see equation 59).
The dashed lines show the results for a standard (“unsuppressed”)
viscosity ν0 (equation 57), and the solid line is calculated with a
quadratic viscosity reduction (see equation 58).
dissipation to be a few orders of magnitude smaller than the
weak friction prediction.
5 HIGH-ECCENTRICITY LIMIT:
ALTERNATIVE CALCULATION OF TIDAL
EVOLUTION
When the binary orbit is highly eccentric (with (1−e) 1),
oscillation modes in the primary star are excited at peri-
center and subsequently damp as the mode oscillates freely
throughout the rest of the orbit. In this regime, it is possi-
ble to calculate the tidal evolution in a different way (cf. Lai
1997; Fuller & Lai 2012; Vick & Lai 2018).
A key quantity is the tidal energy transfer to a stellar
mode (labeled α) during the“first”pericenter passage (“first”
means that there is no prior oscillation in the star). This can
be computed as
∆Ein,α = 2pi
2GM
2
2R
5
1
r6p
(
σα
α
)
|QαK2m|2, (63)
with
K2m =
W2m
2pi
∫ P/2
−P/2
dt
(rp
D
)3
eiσαt−imΦ(t), (64)
where rp = a(1− e), Qα and α are given by equations (12)
and (13), and σα = ωα + mΩs is the mode frequency in
the inertial frame. Under the condition that σα/Ωp & a few,
the integral K2m can be approximated with expressions pro-
vided in Appendix C of Lai (1997). Note that equation (63)
includes contributions from both the ωα,m and the physi-
cally identical −ω−α,−m terms. The total energy transfer
in a single pericentre passage is given by the restricted sum
over positive-frequency modes, ∆Ein =
∑
α′ ∆Ein,α.
When the mode damping time Γ−1α = Γ
−1
α (ωα) is less
than the orbital period, i.e., Γ−1α . P , the orbital energy
decay rate is simply given by
E˙orb ' −
∑
α′
∆Ein,α
P
. (65)
On the other hand, when Γ−1α & P , the orbital decay rate is
(Lai 1997; Vick & Lai 2018)
E˙orb = −
∑
α′
E˙in,α ' −2
∑
α′
ΓαEss,α = −2
∑
α′
γα(ωα)
ωα
α
Ess,α.
(66)
Note that the mode damping rate Γα = Γα(ωα) is related to
γα = γα(ωα) (see Fig. 2) by Γα = ωαγα/α (see Appendix).
The steady-state mode energy Ess,α is given by (Lai 1997;
Fuller & Lai 2012)
Ess,α =
∆Ein,α
2 [cosh(ΓαP )− cos(σαP )] . (67)
For a single freely oscillating mode, the tidal torque is related
to the energy transfer rate in the inertial frame via
Tα =
m
σα
E˙in,α. (68)
For ΓαP  1 [and thus cosh(ΓαP ) ' 1], equation (67)
implies that a resonance occurs when σαP is an integer
multiple of 2pi. This resonance condition is the same as
ωα = NΩ−mΩs = ωNm (see equations 22 and 25).
As in Section 2, we define the dimensionless torque and
energy dissipation rates FT and FE that are related to T and
E˙in by equations (42) and (43) respectively. When ΓαP . 1,
we have
FT =
5pi
6
(
ω¯f
Qf
)2(
ω2f
γfΩ
)
(1 + e)6
×
∑
α′
(
γαωα
2α
)
m|QαK2m|2
[cosh(ΓαP )− cos(σαP )] (69)
FE =
5pi
6
(
ω¯f
Qf
)2(
ω2f
γfΩ
)
(1 + e)15/2(1− e)3/2
×
∑
α′
(
γαωα
2α
)(σα
Ω
) |QαK2m|2
[cosh(ΓαP )− cos(σαP )] . (70)
When ΓαP & 1, and energy transfer at pericenter is dissi-
pated within a single orbit, we use
FT =
5
12
(
ω¯f
Qf
)2(
ω2f
γfΩ
)
(1 + e)6
∑
α′
m
(
Ω
α
)
|QαK2m|2
(71)
FE =
5
12
(
ω¯f
Qf
)2(
ω2f
γfΩ
)
(1 + e)15/2(1− e)3/2
×
∑
α′
(
σα
α
)
|QαK2m|2. (72)
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Figure 3. FT (e,Ωs/Ω, rp/R1) (equation 50) as a function of the rotation rate Ωs (in units of the pericentre frequency, equation 62) for
a 10 M RGB stellar model depicted in Fig. 1. Results are shown for four different eccentricities, all with the same pericentre distance
rp = 3R1. The dotted line is the weak friction result from equation (45). The (blue) solid line uses a reduced viscosity (equation 58)
while the (red) dashed line uses the standard viscosity (equation 57). Pseudosynchronous rotation corresponds to FT = 0.
A key assumption of the above formulation of tidal evo-
lution is that the damping of the free mode oscillations, away
from pericentre, dominates the tidal dissipation rate. This
is true at small rp and large eccentricity. However, as rp
increases, damping of forced oscillations during pericentre
passages becomes important. To illustrate this point, we
carry out time-dependent calculation of the “mode + or-
bit” system for an equal-mass binary with a non-rotating
solar-type primary star. The secondary is treated as a point
mass. Figure 8 shows the evolution of the energy in l = 2
f-mode oscillations, the orbital energy, and the total energy
(the sum of the mode and orbital energies), for (initial) ec-
centricity e = 0.85 and two different pericentre distances
(rp = 2.5R1 in the left panel and rp = 5.5R1 right panel).
The coupled evolution of the mode amplitudes and the or-
bit was executed by combining equation (11) of Section 2 for
the time evolution of the mode amplitude and equations (6)
and (7) of Vick & Lai (2019) for the orbital evolution (with
all general relativity terms set to zero). Expressions for the
mode energy and orbital energy are provided in equations
(12) and (13) of Vick & Lai (2019). For rp = 2.5R1, the
binary is in the regime where the damping of free mode os-
cillations dominates the energy dissipation. In the left panel
of Fig. 8, we see that the total energy does not change sig-
nificantly during pericentre passages, and the mode energy
decays as the oscillations damp away from pericentre. In the
right panel, for rp = 5.5R1, the dissipation of forced oscil-
lations at pericentre dominates the energy dissipation, and
the total energy of the system decreases sharply during each
pericentre passage.
We can identify the transition between the two dissipa-
tion regimes by comparing ∆Ediss,p, the amount of energy
dissipated during a single pericentre passage, with ∆Ediss,np,
the energy dissipated during the rest of the orbit. For sim-
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Figure 4. Same as Fig. 3 but for the solar-type stellar model depicted in Fig. 1.
plicity, let us assume a single mode is dominant. We can esti-
mate ∆Ediss,p as γα(Ωp)Ek/Ωp, (see equation A4), where Ωp
is the orbital frequency at pericentre (equation 62), and Ek
is the kinetic energy in the oscillations at pericentre, given by
Ek ∼ k2M1(R1p)2Ω2p/ω¯2f , with p = M2R31/(M1r3p). Then,
∆Ediss,p ∼ γα(Ωp)ΩpM1R21
(
k2
ω¯2f
)(
M2
M1
)2(
R1
rp
)6
. (73)
The energy dissipated in a single orbit away from pericentre
is
∆Ediss,np ∼ min[1,Γα(ωα)P ]∆Ein,α, (74)
where we have neglected resonances (which occur at σα =
NΩ), and ∆Ein,α is given by equation (63). In Fig. 9, we
compare equations (73) and (74) for both the RGB and
solar-type stellar models assuming the standard (frequency-
independent) viscosity. We find that Ediss,p & Ediss,np (i.e.
tidal energy dissipation occurs primarily during the pericen-
tre passage) when rp & 3.7R1 for the RGB star and rp & 3R1
for the solar-type star. Therefore, equations (69)-(72) are
only accurate for small rp and we expect deviation from the
results of Section 4 when rp & 3R1.
In Figs. 10 and 11, we show the dimensionless energy
transfer rate for a highly eccentric binary (equation 70) as
a function of rp/R1 and compare with the general expres-
sion from equation (51). For the RGB model, the mode
damping time, Γ−1, is shorter than the orbital period for
the parameters covered in Fig. 10 [Γ−1α = 4.5 yr × (ωα/α)
using the standard viscosity while the orbital period is
P = 12.8 yr × (M1/Mt)1/2(rp/R1)3/2 for the chosen ec-
centricity of e = 0.85 and total mass Mt = M1 + M2].
Therefore FE is given by equation (72), and the solid lines
in the left and right panels are identical. For rp . 3R1,
the general expression for FE (equation 51) agrees within a
factor of a few with the high-eccentricity calculation (ignor-
ing peaks due to resonances between a mode and a com-
ponent of the tidal forcing). Note that the derivation of
equation (51) assumes that the mode damping rate is longer
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Figure 5. FE(e,Ωs/Ω, rp/R1) and Fecc(e,Ωs/Ω, rp/R1) (equations 51 and 52) as a function of the pericentre distance for the 10 M
RGB stellar model depicted in Fig. 1. The stellar spin frequency is chosen to be 0.75Ωp. The four pairs of panels show results for four
eccentricities, as labeled. The dotted black lines correspond to the weak friction results(see equations 45 and 47). The solid lines are
calculated with the reduced viscosity from equation (58) and the dashed lines with the frequency-independent viscosity from equation (57).
than an orbital period, so the high-eccentricity calculation
(equation 72) should be more accurate in this regime. For
rp & 3R1, the high-eccentricity expression no longer agrees
with equation (51) and the weak friction result, as expected,
because dissipation near the pericentre, where the oscillation
modes are strongly forced, becomes the dominant contribu-
tor to the energy and angular momentum transfer rates.
Figure 11 displays FE for the solar-type stellar model.
Here, the viscous damping time, Γα(ωα)
−1, is much longer
than the orbital period [Γ−1α = 1.5 yr × (ωα/α) us-
ing the standard viscosity and P = 4.7 × 10−3 yr ×
(M1/Mt)
1/2(rp/R1)
3/2 for e = 0.85], so equation (70) is
appropriate for the high-eccentricity regime. The function
FE(rp/R1) has strong peaks that correspond to resonances
between the orbital frequency and the mode frequency in
the inertial frame. From Fig. 11, we see that the high-
eccentricity calculation agrees well with the general calcu-
lation from equation (51) at small rp for both the standard
(left panel) and the reduced (right panel) viscosity. As with
the RGB model, the high-eccentricity prescription under-
predicts the dissipation rates for larger rp because it does
not include mode damping near the pericentre.
6 SUMMARY AND DISCUSSION
We have developed a general formalism for calculating the
orbital decay and circularization rates as well as the spin
synchronization rate of a star with a convective envelope
in an eccentric binary. Our formalism allows for frequency-
dependent turbulent viscosity reduction, which is important
in the convective envelope when the eddy turnover time is
longer than the tidal forcing period. The most general results
are summarized in equations (50)-(56). In the slow-rotation
limit, and assuming that the mode frequency is much larger
than the forcing frequencies, and that the damping time is
independent of the forcing frequency, these general expres-
sions reduce to the well-known weak friction results.
In Section 4, we calculated the dimensionless orbital de-
cay, circularization and spin evolution rates for both RGB
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Tidal Evolution of Eccentric Binaries 11
Figure 6. Same as Fig. 5 except the stellar spin frequency is chosen to be 0.9Ωp.
and solar-type stellar models. We found that the pseudosyn-
chronous rotation rate of the star can be almost a factor of
two faster than the weak tidal friction prediction for a RGB
star (Fig. 3) and a factor of a few slower for a solar-type star
(Fig. 4). We also found that, at small pericentre distances
and high eccentricities, the orbital decay and circularization
rates can be a few orders of magnitude larger than the pre-
diction from weak tidal friction for an RGB star (where the
eddy turnover time is fast enough that viscosity reduction
is negligible) and a few orders of magnitude smaller for a
solar-type star due to viscosity reduction (see Figs. 5, 6, and
7).
Lastly, in Section 5 we presented a simpler calculation of
the dissipation rates for highly eccentric orbits that only re-
quires a sum over oscillation modes (rather than a sum over
both the oscillation modes and many forcing frequencies).
The key results are summarized in equations (69)-(72) (in
conjunction with equations 42 and 43). This approach ne-
glects dissipation near pericenter and is valid for rp . 3R1.
Our results are relevant to binary systems with RGB
stars, for instance a binary headed toward a common-
envelope episode (CEE), and to those with solar-type stars,
such as systems containing close-in giant planets. Our gen-
eral equations can be used to track the spin and orbital evo-
lution of a star in a binary system to answer questions such
as how often binary systems will retain eccentricity at the
onset of a common envelope phase and to reassess the im-
portance of turbulent viscosity in the host star in the orbital
decay of a giant planet.
One intriguing behavior that we did not discuss in this
paper is resonance-locking. In this scenario, a system en-
counters a resonance between the frequency of a stellar oscil-
lation mode and the orbital frequency. As the stellar spin and
orbit (and perhaps the stellar structure) evolve, the mode
frequency and orbital frequency change in lock-step, main-
taining the resonance (Witte & Savonije 1999; Fuller & Lai
2012). Orbital decay is significantly enhanced while a reso-
nance persists (see Figs. 5,6, and 7). In some binary stellar
systems, resonance-locking may set the timescale for orbital
decay.
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Figure 7. Same as Fig. 5 but for the solar-type stellar model.
Figure 8. The evolution of the mode energy Emode (a sum of the energies in the l = 2,m = −2, 0, 2 f-modes), orbital energy,
∆Eorb = Eorb − Eorb,0, and total energy ∆Etot = Etot − Etot,0 = Emode + ∆Eorb in units where G = M1 = R1 = 1 for a binary with
the solar-type stellar model, a mass ratio of M2/M1 = 1, and an initial eccentricity e = 0.85. The strong peaks and valleys correspond to
pericentre passages. In the left panel (with the initial pericentre distance rp = 2.5R1), the total energy changes smoothly, and does not
show sudden changes at pericentre; for such small rp, the dissipation of forced oscillations near pericentre is negligible, and the mode
energy visibly decays throughout the rest of the orbit. In the right panel (with larger rp = 5.5R1), sharp changes in the total energy at
pericentre account for majority of energy dissipation in the binary.
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Figure 9. The energy dissipation in a single orbit near pericentre (equation 73) and over the rest of the orbit (equation 74) for a highly
eccentric binary as a function of rp/R1 for the RGB stellar model (left panel) and the solar-type model (right panel) assuming the
standard (frequency-independent) viscosity. The orbital eccentricity is e = 0.85 and the stellar rotation rate is Ωs = 0.75Ωp.
Figure 10. The dimensionless tidal energy transfer rate FE(e,Ωs/Ω, rp/R1) (equations 51) vs the pericentre distance for the 10 M
RGB stellar model. The orbital eccentricity is e = 0.85 and the stellar rotation rate is Ωs = 0.75Ωp. The left panel is calculated with
the standard (frequency-independent) viscosity and the right panel with the reduced viscosity from equation (58). The solid lines are
obtained using the high-eccentricity expression (equations 70 and 72), and the dashed green lines are obtained using the general expression
(equation 51). The dotted black lines correspond to the weak friction result (equation 46).
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APPENDIX A: THE RELATIONSHIP
BETWEEN DAMPING RATES
We have assumed that viscous dissipation is solely respon-
sible for the damping of oscillation modes. In equation (19),
we defined the damping rate γα(ωNm) by relating the vis-
cous dissipation rate of mode α oscillating at the frequency
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Figure 11. Same as Fig. 10 but for the solar-type stellar model. Note that in both panels, the high-eccentricity result (equation 70) is
in near perfect agreement with the general expression (equation 51) for small rp.
ωNm to the kinetic energy of the mode. However, this damp-
ing rate is different from Γα(ωNm) (see equation 11), which
relates the energy dissipation rate to the total energy of
the mode. Here, we derive the relationship between the two
damping rates.
The total dissipation rate in the rotating frame is equal
to the tidal energy transfer rate in the same frame, given by
E˙ =
∫
d3xρ
∂ξ∗
∂t
· (−∇U). (A1)
Decomposed into a sum over oscillation modes and forcing
frequencies (see equations 2, 8, and 10), this is
E˙ =
∫
d3xρ
∑
αN
∑
N′m′
c˙∗αNUN′m′e
−iωN′m′ tξ∗α(r) · ∇(r2Y2m′).
(A2)
Using equations (4),(12), and (14), and averaging over time,
the energy dissipation rate is
E˙ =M1R
2
1
∑
αN
ωNm
2α
(UNmQα)
2Γα(ωNm)
[(ωα − ωNm)2 + Γ2α(ωNm)]
=2M1R
2
1
∑
αN
Γα(ωNm)ωNmα|cαN |2. (A3)
The above implies that the energy dissipation rate associated
with each mode and forcing frequency ωNm is
E˙αN = 2Γα(ωNm)ωNmα|cαN |2M1R21. (A4)
By comparing equations (19) and (A4), we obtain a rela-
tionship between γα(ωNm) and Γα(ωNm):
Γα(ωNm) = γα(ωNm)
ωNm
α
. (A5)
Similarly, for a freely oscillating mode, Γα(ωα) =
γα(ωα)ωα/α.
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